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ABSTRACT 
This paper gives a proof of a conjecture posed by M. Fiedler, T. L. Markham, and 
M. Neumann. 
1. INTRODUCTION 
Let d be a topologically closed class of mutually commuting real matrices 
which contains the identity and is closed under addition, matrix multi- 
plication, and multiplication by scalars. M, will denote the class of real in- 
vertible M-matrices of order n. For a real n x n matrix A, let p(A) 
denote its spectral radius, q(A) its minimal real eigenvalue, and M!,‘) = 
{A E M&(A) = l}. II, will d enote the set of finite products of elements of 
S, which is a class of n X n matrices. 
In [l], M. Fiedler, T. L. Markham, and M. Neumann posed the following 
conjecture. 
CONJECTURE. Suppose that A E c is irreducible. Then A E IId,-, M;~), 
the closure of II c n M, (I), if and only if there exists a matrix B E d which is a 
singular M-matrix and satisfies A = eB. 
In this paper, we prove the above conjecture, which is rewritten in the 
form of a theorem in the next section. 
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2. THE PROOF OF THE THEOREM 
Let us first prove the following three lemmas. 
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LEMMA 1. Suppose A E M, . (‘) Then there exists a real matrix B such that 
e”=A. Zf q(A)>l, then BEM,; if q(A) = 1, then B is a singular 
M-matrix. Furth ermore, if A E 6, then in addition B E c. 
Proof. First we prove the existence of such a B. Let 
A = kl - C, c>o, k>p(C). (1) 
Since the spectrum of (l/k)C is contained in the unit disc, the matrix 
(2) 
is well defined and 
Let 
Q>O. (3) 
B=(lnK)Z-Q. (4) 
Then eB = e(lnkjr-O = k[Z - (l/k)C] A. Therefore there exists B such that 
eB=A. 
Let B be an arbitrary real eigenvalue of B. Then B can be written as 
B = In k + ln(1 - y/k) = ln(k - y), where y is a real eigenvalue of C and 
k - y is a real eigenvalue of A. When 9(A) >, 1, we have B = ln( k - y ) 2 
In[k - p(C)] = lnq(A). If 9(A) > 1 then B > 0. Since B E Znx” by (3) and 
(4), it follows from [2] that B is an M-matrix. If 9(A) = 1, then B > 0 
and there exists an eigenvalue 9(B) of B such that 9(B) = ln(k - p(C)) = 
In 9( A) = 0. Hence B is a singular M-matrix. 
FinalIy, by (2) and (4), B commutes with each matrix which commutes 
with C. Therefore B commutes with each matrix which commutes with A. If 
A belongs to C, then the same is true of C, Q, and B by (l), (2) and (4). The 
proof of Lemma 1 is complete. n 
LEMMA 2. Let A = A,A, . . . A,, where A,, A,,. . . , A, E M,, commute 
with each other. Zf A is irreducible, there exists a unique positive vector v 
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(not counting scalar multiplications) which is a cammn eigenvector of 
A, A 1 ,..., A, corresponding to the eigenvalues q(A),q(A,) ,..., q(A,). 
Proof. Let B = A-‘, Bi = A;‘, i = l,..., t. Obviously B, B, ,..., B, z 0. 
Since A is irreducible, B is also irreducible. By the Perron-Frobenius theo- 
rem, there exists a unique positive eigenvector (up to scalar multiplication) 
corresponding to simple eigenvahre p(B) of I?. Since BB, = B, B by AA i = 
A,A, i = l,..., t, it is obvious that v is a common eigenvector of B,, . . . , B,. 
Let Xi be the eigenvalue of Bi which v corresponds to. We shall prove 
hi = p( Bi). Now Xi is an eigenvalue of Bi; hence 0 < Xi < p( Bi). And by 
Bi > 0, there exists a nonnegative eigenvector vi corresponding to the eigen- 
value p(B,) of Bi [3]. Define 
T;=min{r>O:ru-vi>O) 
Since v is a positive vector and vi is a nonzero nonnegative vector, < > 0. 
Let d, = <v - vi. Obviously di >, 0, and 
O<B,d,=r;A,v-p(B,)v,<p(B,) 
hence <[ hi/p( Bi)] v - vi > 0. By the definition of 6, hi > p( Bi). Therefore 
Xi = p(B,) = l/q(A& i = l,..., t. Thus v is a unique common positive 
eigenvector corresponding to p(B), p(B,), . . . , p(B,) of B, B,, . . . , B,, i.e., 
v is a unique common positive eigenvector corresponding to q(A), 
q(A,),..., q(A,) of A, Al,..., A,. The proof of LEMMA 2 is complete. n 
LEMMA 3. Let A E CnXn, and a(A) be the spectrum of A. Let Sl c 
C\( - oo,O] be an open subset of C, the complex plane. Let A,, A,, . . . be a 
sequence of complex n X n matrices. Zf u(A) c Q and limk_oo A, = A, then 
wehave limk,,lnA,=hrA. 
Proof. Let h be a complex variable and f(X) = ln h. Then f(A) is 
analytic on C\( - co,O]. Consider Cnx” as a complex Banach algebra with 
the matrix spectral norm as the norm of the algebra. Take a contour P that 
102 J. C. CHEN AND M. X. LA1 
surrounds a(A) in a. For sufficiently large k, we have a(A,) c &? and a(A,) 
is inside r, since lim, _ m A, = A. Thus, we have, for sufficiently large k, 
But we also have [4, Theorem 10.11, p. 2351 
+2/l(hZ- A) -‘j13]]A - A,]12 
Note that when X E I?, Il(hZ - A)-‘11 ’ b IS ounded. The proof of LEMMA 3 is 
complete. n 
An easy consequence of LEMMA 3 is that if A E Ben MA,,, then 
lim k_m A,= A, where for each k, Ak~Hg,M~~l, and also a(A)cQc 
C \( - 00, 0] by the definition of ML’). 
n 
THEOREM (M. Fiedler, T. L. Markham, and M. Neumann). Suppose that 
A E d is irreducible. Then A E ncn Mc~~, the closure of II,, M,, if and only 
if there exists a matrix B E d zohichn is a singular M-matrix and satisfies 
A=eB. 
Proof of the theorem. Assume first that an irreducible A belongs to 
H&& writeA=A,... A,, Ai E t? f~ MA’), i = 1,. . . , t. By the irreducibil- 
ity of A, it follows from Lemma 2 that there exists a common eigenvector of 
Ai corresponding to the eigenvalue 9( Ai) = 1. And by Lemma 1 there exist 
singular M-matrices B,, B,, . . . , B, E c” such that A, = eB*, i = 1,. . . , t. Conse- 
quently, A = AlA,. . . A, = eBl+ ..’ +Bl = eB, where B = B, + . . . + Bt. 
However, B E Z” Xn and 
Bv= i Biv= i (lnA,)v= i lnq(A,)v=O. 
i=l i=l i=l 
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Therefore B is a singular M-matrix in 6. 
Suppose now that A E BenM~~j is irreducible, i.e., A = lim,,, A,, n 
A, E III~,-,~,I,. By the result of the previous section, for each k >, 1 there 
exists a sinbar M-matrix B, E d such that A, = eBk, i.e. B, = In A,, 
hmkdm B, = lim,,, In A, = In A. In view of Lemma 3 and the definition of 
ML’), we have lim,,, In A, = In A. Let In A = B. Consequently, B is a 
singular M-matrix and eB = A. 
Conversely, let A = eB for some singular M-matrix B E 6. Let A, = 
[I +(l,‘k)Blk, k = 1,2 ,... . The sequence (I + x/k)k, k = 1,2,. . . , converges 
for arbitrary r, and so for all x, lim[Z +(l/k)xlk = e’. Consequently, the 
spectrum of B being contained in a finite region, [I + (l/k)B] k, k = 1,2,. . . , 
converges and lim k_m[Z +(l/k)Blk = eB. Therefore 
Since A, E Kl, n Mi~j for all k large enough, A E RcflMb”. The proof of the 
theorem is now complete. n 
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